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Abstract

R- and T-regions of spacetime are first defined in a particular coordinate system and then
with the aid of the Schwarzschild vacuum solution are shown to represent the outside
and inside of a black hole respectively. A certain class of interior solutions, relating to a
perfect fluid, are also considered and it is found that these R- and T-solutions have dis-
tinct physical properties. The R-solutions are static, spherically symmetric, permanent,
and have a classical analogue, while the corresponding T-solutions, which are wholly time
dependent, are cylindrical, temporary, and do not have a classical analogue. It is shown
that these T-solutions cannot be generated {rom their R-region counterparts. Particular T-
solutions are also presented in which the corresponding fluid occupies the whole of a T-
region. The fluid would under certain circumstances be black body radiation while for
other cases the internal pressure is always greater than the density.

1. Introduction

It is well known that after a distribution of matter and energy has collapsed
into a black hole an outside observer can receive ne further information about
the distribution, apart from the fact that it still possesses an external gravita-
tional field. Since human scientists are presumably observers outside a black
hole, they cannot discover what kind of physics prevails within it. The usual
assumption made is that the same laws of physics, in particular Einstein’s
general relativity, apply within the hole as well as outside it. This assumption
will be made in the following investigation.

One way of dealing with black holes is to employ the concept of the R-
regions and T-regions of space-time, an idea first introduced by Novikov (1961)
and later discussed in more detail by Zeldovich and Novikov (1971). In both
works, however, the discussion is confined to the physical differences between
the vacuum R-solution and T-solution of Einstein’s equations. It seems that
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only in the case of Ruban (1968; 1969) are examples of interior T-solutions
considered in any detail.

In this paper R- and T-regions will first be defined and then the vacuum
cases will be considered briefly. The main discussion, however, centers on
certain differing properties of the interior R- and T-solutions for material
defined as a perfect fluid. Certain particular T-solutions will also be presented.

The distribution of material to be considered is initially supposed to be
spherically symmetric around the origin. This means that an observer describ-
ing the physics of the configuration may use a general metric of the form:

do? =e?* dn? — e gg? — % 402
(.1
dQ? =sin®6 d¢* +do?

where A, ¢ and r are functions of both the radial coordinate £ and time coordi-
nate 7. The variables £ and 1 have been chosen such that the speed of light ¢
and the Newtonian constant of gravitation are both unity. The functions A, u
and r for a given problem, can be determined from Einstein’s equations when
the nature of the energy-momentum tensor is known. In order to introduce
the concept of the R- and T-region consider an orthogonal transformation of
coordinates of the type

=2, HO=I(En) (1.2)

where Z is a new space-like coordinate, I1 is a time-like coordinate and 8, ¢
remain unaltered. With the identifications Z=x, I =x%, ¢ =51, n=x4,
0 =x2 =x2,¢=x3 = x3 the metric (1.1) is transformed into

64}\2:2 dn2 eZ(A‘HL) dzz

= 2 302
- Hrz(zfzezx — 52024y - e’ 2,20 _ 'Ezez”) — 1 dQ (1.3)

do?

where a prime means 3/3% and a dot, 3/3n, and the coefficients of dI1?, d2?
and dQ2? are expressed in terms of £ and II. The condition expressing orthogo-
nality is

e2FTI- 222 =0 (1.4)
and moreover, it will be assumed in (1.3) that
222N _ 3 2.2 >0 (1.5)

for all 17 and £, so as not to violate the condition that X is space-like and II is
time-like. .

There are of course many ways of defining the functions Z and II. For
example, it may be required that the coordinates in the metric (1.3) be iso-
tropic. This condition, with equation (1.4), would give rise to two coupled
differential equations for the transformation functions. In this paper two poss-
ible alternative frames of reference are examined and these lead to the concept
of the R-region and the T-region. It is, of course, necessary in order to com-
plete the foregoing theory that the components of the Einstein tensor associ-



FLUID SPHERES AND R- AND T-REGIONS 147

ated with (1.1) should also be transformed. However, this is unnecessary for
the present discussion.

Definition of an R-region and a T-region. An event (Z, 6, ¢, I1), where Z is
space-like and IT is time-like, decribed by the metric (1.3) with (1.5), is said to

an Reregion of space-time if the function #(Z, IT) is such that { r=x )

oceur in | 5 T.region -

With the above definitions it seems that the notion of the R-and T-region
only applies for particular coordinate systems, i.e. those for which r = £ and
r = [I. However, in the following the definition will be generalized so as to
include other frames of reference.

2. R- and T-Regions for a Vacuum

In order to show the distinction between these two regions, consider the
situation in which a material sphere is completely submerged within the
Schwarzschild horizon surface Z = 2/, so that a vacuum exists both inside and
outside this surface. This is a black hole in which the material does not extend
to the horizon, The gravitational field of the outer region would then be de-
scribed by the Schwarzschild metric

dz?
do? =(1 - 2m/Z)dN?* - ———— - 224Q? 2.1
07 =0 -2m/z) (- 2m[Z) @1)
where 7 is a positive constant and 2 is space-like. Therefore, (2.1) describes

an R-region only for Z > 2m.

With regard to the inner vacuum field the argument of Novikov (1961) will
be employed. He assumes that the R-solution (2.1} is also valid in the T-region
(Z < 2im) provided that it is written in the form:

2m dz?
do? =— (é" - 1) dn? + ( —— — 22 402 (2.2)

2m )
——1
z

and that it is assumed that Z is now time-like and Il is space-like, The coordi-
nates Z, II may be relabeled according to £ =7, I = ¢ so that (2.2) now reads:

dr® 27
d02=—_7——~(ﬂ—1 dq? — 2 dQ? (2.3)
(%”1_1) T
T

where 7 is the time coordinate in the T-region and q is the space coordinate.
This procedure may be thought to beg the question of whether or not R-
solutions can be converted into T-solutions simply by reinterpreting the mean-
ing of the coordinates. However, a vacuum solution of Einstein’s field equations
can be found by assuming in (1.1) that » = n and that A,  are functions of 5
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alone. With this metric, and a zero cosmical constant, Einstein’s equations for
a vacuum are:

where F(n) = dF/dn. It is easy to show that all three equations are satisfied by
M= = 14l - 1)

where A4 is the only nontrivial constant of integration. Hence (2.3) follows if
T=17,q9=§ and if 4 is arbitrarily identified with 2. This last identification
is hardly satisfactory; it would be necessary to show that at the boundary

X = 2 of an R-region it was possible to fit the vacuum T-solution to (2.1)
and thus to determine A in terms of 2m. This problem has not been worked
out here.

A T-region exhibits a number of strange properties as is also mentioned by
Ruban (1968) and Korkina and Gladush (1972). For example, in (2.3), unlike
(2.1), the time coordinate is bounded above by 7 < 27 which means that the
T-region is only a temporary phenomenon. Furthermore, from the point of
view of an R-observer the horizon occurs for a specific value of the radial
coordinate (namely £ = 272) while for a T-observer it occurs when 7 = 27,
that is for a particular finite value of the time. In other words the two ob-
servers interpret the horizon in completely different ways. Moreover, the
surfaces 7 = constant do not exhibit spherical symmetry; these surfaces are
better described as hypercylinders. This is in contrast to the surfaces Il = con-
stant in an R-region which are hyperspheres. Yet a further feature of the vacuurr
T-solution can be obtained when the motion of photons is considered. From
(2.3) the outward radial coordinate speed of a photon is given by

dg 1
e A — 2.4
dr (2mfr—1) 24
and so upon integration
e—T
ae? = _—__“(2771 7 2.5)

where ¢ is an arbitrary positive constant of integration. Therefore g - oo as
T —> 2m, which presumably means that after a finite time 2m the photon will
have traveled an infinite value of the ¢ coordinate.

In conclusion therefore it seems to be the case that the horizon occurring
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in (2.1) and (2.3) is the dividing surface between two substantially different
regions.

3. Interior R-Solutions

In this Section R-regions are considered with particular reference to interior
solutions of Einstein’s equations with zero cosmical constant, A.

A useful device in the following is the mass function (Cahill and McVittie,
1970). For the metric (1.1) this is given by

miE, n) =4r{l + e 2% — 7242} 3.1

where 7= 3r/0n and r' = 3r/0%. This function remains invariant under trans-
formations of the type (1.2) and so for the metric (1.3} in terms of Z and Il

2m(Z, 1) s Gewytzuez | 2As2 »  _rohi’?
-——~r--—-—1-e ){e 5 —e“ T s —W
3.2
where ry = 8r/0Z, rpy = 0r/011.
In an R-region for which r = 2, equation (3.2} reduces to
M) e2Ms'2 _ p2u32 ‘
1_Zm(Z), )_¢ 2(Me (3.3)
> e &)
and s0 (1.3) can be written as
do? =e** dn? — ¢2Y gx? - 2% d0?
— A+
er ) 62(11 )22 e_2Y -1 Zm(ZI, H) {34)
1 {1 am(E, H)}
z

where X, Y are functions of Z, Il in general. Therefore, the metric (3.4) will
apply in an R-region provided that
2
m(Z, IT) >
z

1— 0 (3.5)

forall Z, II.
It will be assumed that the interior R-solution can be fitted to an exterior
vacuum solution whose metric is of the form (2.1) and will be written

do?=(1—2m/Z,)dll? — (1 — 2/Z,) " dZ.? — Z,2dQ% (3.6)

it will be sufficient to consider the continuity at the boundary of the coeffi-
cients of d2? and of dZ,?, dZ? in (3.6) and (3.4). These give, respectively,

wn(S,, )
Zp (Zes

(Ze)b = zba
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where
2m(Z,, ) =2m 3.7

This equation gives the boundary value of Z, or of Z,, at each instant of [I-
time. However, there is a limit to the validity of (3.7) because the minimum
value of (Z.), is 2m, if (3.6} is to be an R-solution. Hence (3.4) is an R-
solution up to (or from) an instant I1;, given by the solution of the algebraic
equation

2m(2m, 1) = 2m (3.8)

Physically, of course, the limitation occurs only when Il in (3.8) is real;
clearly there may also be more than one real value of I1; , according to the
nature of the function m.

For the subsequent comparison of R- and T-solutions, it is useful to con-
sider the R-solutions for a static perfect fluid. This means that in (3.4)

X=X(), Y=Y (3.9)

Components of the Einstein tensor for the metric (3.4) will be denoted by
Gy? (@, b =1, 2, 3, 4) with the coordinate identifications xl=% x2=9,

x3 = ¢, x4 = [1. The Einstein equations for the statical fluid case then reduce
10

1 _ 1 2Y;
81Tp=*G44=‘zTé-—€ 2Y{-;———z-z—:}, (3.10)
z
1 2Xs 1
8mp =Gy =¢ 2”{3:-2—-» S }——25;, (3.11)

X
8mp =Gy? =e _ZY{ £ 3 “+X22+Xz “‘XEYE} (3.12)

where p, p are the density and pressure of the fluid, respectively, and a suffix
= denotes d/dZ. The last two equations give the condition for the isotropy of
the pressure, namely,

XZ + Y}:
z
The equation (3.10) may be integrated to give

8nfp(2)>:2 dz+C

1
Xz +X3? = X5Y5 — +-2—5(e2Y ~1)=0 (3.13)

-2Y

=1~ 3.14

e 3 (3.19

where C is the constant of integration. Comparison with (3.4) then shows that
2m(Z) = 8n fp(Z)EZ dz+C (3.15)

The presence of a nonzero value of C permits the possibility of having m(0) = 0
even when £(0) is unbounded, for example, when p(£}= 72 exp {— Z/(87() }.
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The vanishing of the vectorial divergence of the energy tensor yields the well
known result

e (1 . E_) {1 +iz{2§i} (1 _ﬂ?ﬁ@)" (3.16)
P

m(Z) T

This is the relativistic analogue of the Newtonian equation of hydrostatic sup-
port, since in the classical limit, it reduces to

oy = P13
= 22

(3.17)

in which m(Z) is defined by (3.15) with C = 0 if, as is usually the case, p{0) is
a finite constant.

4. Interior T-Solutions and their Relation to R-Solutions
For a T-region r = II and so the mass function (3.2) reduces to:

2m*(z, ) . 02
Tt - “64542';2(6

A5 HM3) @.1)

where the asterisk is used in m*(Z, I1), and on other functions to distinguish
them from their R-region counterparts. In this section the coordinates I1, Z
will be relabeled according to Il =1, % = g to avoid confusion between R-
and T-solutions. Therefore, with this relabeling and (4.1), the metric (1.3)
may be written in the following form:

do? = e dr? — e gg* — 7% dQ?,

e__2V - 2m*(q, T) _ 1 QZW - 62(}\_“)7’2 (4‘2)
T ’ . {Zm*(q,r) }
gc{——1
T

where V, W are functions of 7 and ¢ alone. Hence (4.2) will apply in a T-region
provided that

2m¥(g,
W-wo (4.3)

It will be assumed that the interior T-solution (4.2) is fitted to an exterior
vacuum T-solution with a metric of form (2.3). By an argument analogous to
that which established (3.7) and (3.8) it follows that the junction of the two
metrics occurs at the instant 75, of the internal time 7, and that (3.7), (3.8)
are replaced, respectively, by

2m¥(ry, ) = 27 @.4)
2m*(2m, qp) = 27 @.5)
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The first equation is interpretable as giving the value of g corresponding to the
instant 7. The second (algebraic) equation gives the value of g7, corresponding
to the choice of the maximum possible value of the 7-time employed in (2.3)
as the moment at which the junction is made.

The components of the Einstein tensor for the metric (4.2) are denoted by
G¥% (a, b =1, 2, 3, 4) with the coordinate identifications x1 = g,x2? =6,
x3 = ¢, x% =1, Consider the case of a perfect fluid of density p* pressure p*
when

V=v(, W=Wr) (4.6)
The Einstein equations reduce to the three equations
- 1 2W 1
Sap* =~ Gt =72V =t T”}+;—2 “4.7)
1 27, 1
= - -2V -7 Pl
8ap* =GFl = —e7? 2- TT}—Tz (4.8)
W.—V,
Sﬂp* £ G;z = .._e—ZV -z T ; T+ w’m‘ + WTZ'— VTWT} (4.9)

where suffix 7 denotes dfdr. The condition for the isotropy of pressure is
therefore

+ 1
Wy + W2~ V,wT+ZT—T—“iT_(1+e2V);7=0 4.10)
The integral of (4.8) is
—8mlp*(n7? dr + C*¥
e_ = — 1 (4.11)

T
where C* is the constant of integration. Comparison with (4.2) shows that
2m*(1) = C* — 8n|p*(r)r? dr 4.12)
The vanishing of the vectorial divergence of G leads to
L #\ [Apo¥3 * =1
pr=_ M (1 +p_*) (_’Tﬂ*i__z_;+3> (21'1__ 1) @.13)
T p m m T
an equation which does not appear to have a classical analogue.
The equations (4.4), (4.5) become, for internal T-solutions defined by (4.6),
2m*(rp) = 2m (4.14)
2m*(2m) = 2m 4.15)

The second of these equations provides a restriction on the constant C* and
on any other constants involved in p*(7). The first equation shows that the
internal T-solution, like the external vacuum T-solution (2.3), is temporary.
For if 7, denotes the time in the external solution, then (7,), = 75 and it is
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known that (2.3) is valid only so long as 2m = (7,), . Thus 7, is limited in the
same way.

The question now arises whether a T-solution can be obtained from an R-
solution by the Novikov process which converted (2.1) into (2.3). In one sense
this process may be regarded as the equivalent of moving all the events outside
the horizon surface to the region within it. But in another sense the process
can be looked upon as the assertion that the R-solution continues to be applic-
able in the region in which T < 2m(Z, II) provided that the following coordi-
nate transformation is made: Let the coordinates of (3.4) be denoted by

xt=1, x'=2, x,=0, o¢=x3 (4.16)

and let the coordinate transformation be

1

x¥l=xd  x¥h=xl xRy x#3 =3 4.17)

A covariant tensor K,,,, in the (x) system of (4.16) is converted to K ¥, in the
{(x*) system by the usual formula
_ax® oxf
BV T gxit v o8

in which the only nonzero partial derivatives are

ax! ax* 3x? ax3

ax*t ax*l ax*? ax*3

The components therefore transform according to the scheme

Kis =K, Kia=Ka1, K31 =Ki4, KT =Kaa,
K=Ky, K=Ky, K{y=Ka K)1=Ku 0=2,3)
K:,,=Kuv (u,v=2,3)
(4.18)

Thus, the coordinate transformation (4.17) has the effect of interchanging the
indices 1 and 4 in the components K,,,, in which, of course, the (x) must also
be replaced by the appropriate (x*). The same rules apply to the transforma-
tion of a mixed tensor, P, as may easily be proved.

The foregoing process will now be applied to the metrical tensor g, of
(3.4) with, for brevity in notation, x#, x1 written as I1, =, respectively, while
x#4 x*! are similarly written as 7, g. Since (1.4) is the statement that g,4 =
gs1 = 0, it follows from (4.18) that g4 = g4, = 0 or that

e*ig—e*M'g' =0 (4.19)
The component g44 = e (L2 4nd it transforms to
e2 (7\—#)7’2

* = 2X(H,2) _ = —
si=le Inegxer = G ama - 1)
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where (4.19) has also been used. Hence comparison with (4.2) shows that

ng =R ezw(T’Q)
Againin (3.4)
2m(Z, M| !
- 2Y ;
= = {] — ———
£11 e { 5 }
and this becomes
2miT, g)| 7t

and therefore comparison with (4.2) shows that

_ 2m*(1, q) -

provided that m* is the same function of (7, g) as is m. Moreover, there are no
concealed minus signs in g44, g1 so long as (4.3) is satisfied.

The components g,5, £33 are converted by the identity transformation to
g%, 8%, and so (3.4) has been turned into (4.2), in other words, the metric of
an R-solution has been converted to that of a T-solution by the coordinate

transformation (4.17).
But the conversion of the metrical tensor is not the end of the matter. The

Einstein tensor becomes, under the transformation (4.17)
Gi*=6",  GF'=Gst  67=G 63 =G5
Thus in terms of p*, p* and p, p these equations give, respectively

p*=—p(r.q), p*=-p(r,q), p*=+p(r.q) (4.20)
and so the T-solution obtained in this way would have

p*+p*=0 (4.21)
and the R-solution from which it was derived would also have to have
p+p=0 (4.22)

Such solutions of Einstein’s equations are usually rejected on physical grounds
since both the density and the pressure are reckoned to be nonnegative.
Another difficulty is that the isotropy of pressure in the R-solution is expressed
by G,! = G,2 which becomes G§* = G32 under the transformation. This does
not express the isotropy of pressure in the T-solution which Einstein’s equations
show to be GT1 = G%2. Furthermore, if the R-solution is statical, so that its
mass function is (3.15), then this mass-function can be transformed to (4.12)
only if (4.21) and (4.22) are valid, and C is identified with C*.

The conclusion is that the Novikov process does not transform an R-into a
T-solution in a satisfactory manner. The two kinds of solution are best re-
garded as independent of one another. However, there is one exception, which
occurs when G,* and GF* are both null tensors. It is for this reason that the
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vacuum R-solution (2.2) could be transformed into the vacuum T-solution
2.3).

Consider now how the definition of an R-region and a T-region may be
generalized so as to apply directly to the metric written in the form (1.1). In
an R-region 7= Z in (1.1) and

(S, 11
1— —m%——}>0 (4.23)

In a T-region the definition is 7 = 7 and

2m*(q, 1)
T

1>0 (4.24)

It is known that under transformations of coordinates for which the spatial
variables 8, ¢ remain unchanged, the mass function is invariant. Moreover, both
¥ and 7 are invariant under such transformations, since —g,, = 2%, —g3, =72
and these components of the metrical tensor are unaltered by the transforma-
tion.

Thus, by means of these invariant properties, R- and T-regions can be re-
defined so as to apply to the general metric (1.1). An event (£, 0, ¢, 1) occurs
in an R-region provided that

2m(§, n)
= 4.25
HE) (429
and in a T-region if
2m(€, m)
- wr(é, s <0 (4.26)

In both cases m(§, n)is defined by (3.1) and #(§, ) 2 0 for all £, n. There-
fore, the conditions (4.25), (4.26) are convertible into those given by Zeldovich
and Novikov (1971, equation (3.1.13)). The regions are separated by the surface

&) _
&, m)

which is called the apparent horizon by Carr and Hawking (1974).

5. An Interior Solution Occupying the Whole of a T-region

Unlike the corresponding equation for the interior R-solution, solutions of
the equation expressing isotropy of pressure (4.10) for a T-region are virtually
unknown. Indeed the only interior T-model presented so far would seem to be
that of a distribution of dust due to Ruban (1969). Another class of solutions
is therefore presented here.
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The solutions, which depend only on the variable 7, are obtained from
(4.10) by arbitrarily imposing the definition:

= (5.1)
where 4 is a constant. With (5.1) the condition expressing isotropy of pressure
(4.10) reduces to

@-1n a-4av, &’

72 T 72

=0 (5.2)

and thus there is no solution when 4 = 1. The two cases to be considered are:
(@)1+24+#0, 1+A4A+#0; b)1+24=0

The case 1 + 4 = 0 is omitted because it was found to produce negative den-
sities and pressures.

Case (a): 1 +24 % 0,1 + 4 # 0. If equation (5.2) is solved it is found that

B 1
-2V .
€ TRUnT a2 (5.3

where B is a constant. Hence the metric, density and pressure are, respectively,

dr?
do® = BT (% 724 dg? - 72 dQ? (5.4)

_B(1+24) A +2)
22 (1= A%

8ap*

; (5.5)

_B(1+24) A?
Sﬂp*_ TZ(A+2) + (1 _A2)12 )

The boundary condition adopted is that the fluid occupies the whole of the
T-region. This means that the interior T-solution is valid for all values of 7 in
the interval 0 < 7 < 27, where 27 is the constant in (2.1) or (2.3). A conse-
quence of this condition is that the metric (5.4) will be singular when 7= 2m.
In other words

B 1

Qm)P@ED (1 _Az)z 0 (5-6)

Hence

(5.7
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and equations (5.4) and (5.5) now read:

dO.Z - Mﬁ_
@m[r? A4t —

1 2\ 24 +1) \
8rp* = m [(l +24) (“’T—) —AA4+ 2)}

— 7 dg? — % dQ? (5.8)

\(59)

1 O
*m o (1 + — +A42
8np 20 4% {(1 24) ( . ) A

Clearly, from the metric (5.8), 1 — 4% > 0 and so

2m 2(A+1)
LT —) = o
T>0\ T

Therefore, the dominant term in the density and pressure as 7 - 0 is

1424 (27—’71)2(A+1)

21 —-AH\ T
and it must be positive. Thus again, 1 — 4% >0, and since 1 + 24 > 0, there-

fore
<4< (5.10)

In consequence, both the density and pressure are infinitely positive at 7 =0,
and they decrease monotonically as 7 increases until the boundary 7 = 2m is
reached. The positive boundary values p}, pj are given by:

IS T
)’ Po =14 om)?

8mpk = (5.11)

Another general property of the density and pressure is obtained from the
ratio p*/p* and (5.9). It follows that
p*<p*,  0<4<1,
p* = p*, A=0 (5.12)
p*>p*,  —3<A4<0

The condition p > p is usually accepted in a R-region. In contrast, T-regions
may also have p* <p*.
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The mass-function calculated from p* in (5.9) and (4.12) is

T
2m*(r)=C* + P {(—;) — 42 (5.13)
and then (4.15) shows that C* = 0. Hence the mass-function for the solution
(5.9)is
1 2 24 +1)
IM*(r) = — —A? 5.14
Case (b): 1 + 24 = 0. In this case equations (5.2), (4.7), and (4.8) yield
dr? dq* }
do? =§—_—T‘—h—i-—72 ds?
4 2mjr — 1 T
> (5.1%5)
1 1
8np* = 2 8ap* = 32
/
The equation of state is therefore
p* =3p* (5.16)

and thus the solution could be interpreted as representing a distribution of
black-body radiation submerged within the horizon surface. Solutions of
Einstein’s equations satisfying the equation of state p = Lp also exist in an
R-region and have been studied by Klein (1948) who showed that the distri-
bution was of infinite spatial extent. It can be argued that this is not true for
the T-solution (5.15). Let it be supposed that a photon can start from g = 0
at time 7 = 0 and travel unimpeded outwards along a radial null-geodesic. Its
motion is therefore given by

dg _[3\"* 1
ar \4] (@m—n)l'?

The appropriate integral of this equation is

4 172 _ T 1/2y2 1 T 172
q—-(}’-) (2m)3’2{1——(1—5-’%) }{1-%5(1--5’%) }

Hence in 0 < 7 < 277 there is no zero of g apart from 7 = 0; and, at 7 = 2m,
the value of g is finite. Thus the range of g over which the photon can travel
possesses a finite upper limit, in contrast to the state of affairs in the vacuum
T-region discussed in Section 2.

The mass-function calculated from p* in (5.15) and (4.12) is

2m*(ry=C* - §r
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and therefore (4.15) gives

2n = C* — 3(2m)
and thus the mass-function for the solution (5.15) is

2m*(r) = $(8m — 1)
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